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problem 1 Proof about MSTs

Let e = (u, v) be a minimum-weight edge in an undirected connected graph G. Prove that
e = (u, v) belongs to some minimum spanning tree of G.

Solution: Your solution here!

problem 2

An airline, Gamma Airlines, is analyzing their network of airport connections. They have a
graph G = (A, E) that represents the set of airports A and their flight connections E between them.
They define hops(ai, ak) to be the smallest number of flight connections between two airports.
They define maxHops(ai) to be the number of hops to the airport that is farthest from ai, i.e.
maxHops(ai) = max(hops(ai, aj)) ∀aj ∈ A.

The airline wishes to define one or more of their airports to be “Core 1 airports.” Each Core 1

airport ai will have a value of maxHops(ai) that is no larger than any other airport. You can think
of the Core 1 airports as being “in the middle” of Gamma Airlines’ airport network. The worst
flight from a Core 1 airport (where “worst” means having a large number of connections) is the
same or better than any other airport’s worst flight connection (i.e. its maxHops() value).

They also define “Core 2 airports” to be the set of airports that have a maxHops() value that is
just 1 more than that of the Core 1 airports. (Why do they care about all this? Delays at Core 1 or
Core 2 airports may have big effects on the overall network performance.)

Your problem: Describe an algorithm that finds the set of Core 1 airports and the set of Core 2

airports. Give its time-complexity. The input is G = (A, E), an undirected and unweighted graph,
where e = (ai, aj) ∈ E means that there is a flight between ai and aj. Base your algorithm design
on algorithms we have studied in this unit of the course.

Solution: Your solution here!

problem 3 Vulnerable Network Nodes

Your security team has a model of nodes vi in your network where the relationship d(vi, vj)
defines if vj depends on vi. That is, if d(vi, vj) is true, the availability of second of these, vj relies
on or depends on the availability of the first, vi. We can represent this model of dependencies as
a graph G = (V, E) where V is the set of network nodes and e = (vi, vj) ∈ E means that d(vi, vj)
is true. (For example, in the graph below, both H and J depend on F.)

Your team defines a vulnerable set to be a subset V′ of the nodes in V where all nodes in the
subset depend on each other either directly or indirectly. (By “indirectly”, we mean that d(vi, vj)
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is not true, but vj depends on another node which eventually depends on vi, perhaps through a
“chain” of dependencies. For example, in the graph below, F depends on D indirectly.)

Your problem: Describe an algorithm (and give its time complexity) that finds the vulnerable
set VM in G where

1. the number of nodes in VM is no smaller than the number of nodes in any other vulnerable
set found in G, and

2. ∄ vi ∈ VM and vj /∈ VM s.t. d(vi, vj)

The second condition means that there are no nodes outside of VM that depend on any node in
VM.

For example, in the graph below, there are a number of vulnerable sets, including {D, E, F}, {J, K}
and {G, H, I}. The first of these does not meet the second condition. The other two do, but the
last one is larger than the second one, so VM = {G, H, I}.

Solution: Your solution here!

problem 4 Gradescope Submission

Submit a version of this .tex file to Gradescope with your solutions added, along with the com-
piled PDF. You should only submit your .pdf and .tex files.


