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Warm up ®

Given any 5 points on the unit
square, show there’s always a pair

. 2
distance < g apart
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" 1
. . 2 Py
If points pq, p, in same quadrant, then §(py, py) < % @ 2 O
o2
Given 5 points, two must share the same quadrant 1

Pigeonhole Principle!




e At alocal grocery store,
early in the Covid-19 pandemic

* The pigeonhole principle

enforcing social distancing?!




Announcements

 This slide set:

— Closest-pair of points, Strassen’s Matrix Multiplication

* Homework questions, updates

 Other questions?
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There has to be an easier way!
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' Trees and Plants

Constraints

Need to find
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de can the robot be?
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Closest Pair of Points

Given: @
. . ©,
A list of points

Return: ® @
Pair of points with ®)
smallest distance apart




Closest Pair of Points: Naive

Given: @% ----------------------- 2
A list of points R

Return: @ @
Pair of points with ®
smallest distance apart oy 0

Algorithm: 0 (n?) |
Test every pair of points, @
return the closest. @

We can do better!
10 O(nlogn)




Closest Pair of Points: D&C

Divide: How? @
. . @
At median x coordinate

Conquer: @

Combine: @




Closest Pair of Points: D&C

Divide: ® @
At median x coordinate

Conquer: ©

S @
Recursively find closest ®

pairs from Left and Right

Combine:

®

12 LeftPoints

RightPoints




Closest Pair of Points: D&C

Divide: ® @
At median x coordinate

Conquer: ©

S @
Recursively find closest ®

pairs from Left and Right

Combine: ©
Return min of Left and Q
Right pairs  Problem? © '

13 LeftPoints

RightPoints




Closest Pair of Points: D&C

Combine:

2 Cases: ) @

1. Closest Pair is
completely in Left or ®

2. Closest Pair Spans our
llcutﬂ

@
Need to test points .
P ®

across the cut

14 LeftPoints RightPoints




Spanning the Cut

Combine:

2. Closest Pair Spanned ©, @
our “Cut” )

Need to test points O,
across the cut Or ®

Compare all points

within 6 = min{é;, 6}

of the cut. @
(In the “runway”)

®
How many are there? 20 | >

15 LeftPoints RightPoints




Spanning the Cut

Combine:

2. Closest Pair Spanned ® @
our “Cut” (

Need to test points across

the cut ®
Slow approach Compare ’

all points within 6 = ®
min{d;, 0p} of the cut. @

How many are there?
n 2

T(n)zZT(2)+(g) @,

_ 2
= 0(n°) LeftPoints RightPoints
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Spanning the Cut

Combine:
@

2. Closest Pair Spanned ®
our “Cut” (

Need to test points (a)
across the cut ® ’

We don’t need to test all
pairs! @

Don’t need to test points

that are > 6 from one @25

another kO | T J
17 LeftPoints RightPoints




OQur Strategy for Combine Step

* Before we go into details, let’s explain our strategy

— Our goal: find the pair crossing the cut that has distance < §
and whose distance is the minimum of such pairs

* We want to avoid the following ®(n?) approach:

— For each point in the runway, compare to all others in the runway to see if
they cross the cut and are closer than 6

* We’re going to find an approach that’s ©(n):

— For each point in the runway, compare to k near-by points in the runway
to see if they cross the cut and are closer than §

— Doesn’t matter what k is. As long as it’s a constant!
— Here are 2 ways to find a valid k, both based on geometry

18



#1: Showing k=15 is Valid



Reducing Search Space

Combine:

________________________________________________________________

2. Closest Pair Spanned our
llCutH

Need to test points across the
cut

_______________________________________________________________

Divide the “runway” into

. .8 i
square cubbies of size - s

Each cubby will have at most 1
point! o

20



Reducing Search Space

Combine:

________________________________________________________________

2. Closest Pair Spanned our
llCutH

Need to test points across the
cut

Divide the “runway” into

: )
square cubbies of size P

How many cubbies could
contain a point < 6 away?

Each point compared to
< 15 other points

21



#2. Showing k=7 is Valid



Reducing Search Space

Combine: 2.8

Need to test points across
the cut

Claim #1: if two points are
the closest pair that cross 9
the cut, then you can

surround them in a box

that’s 2 - § wide by ¢ tall.

Let’s draw some examples.

23



Reducing Search Space

Assume you’re checking in increasing
y-order, and you’ve reached the first
point of the closest pair.

Do you have to look at all points
above it to be guaranteed to find the
other point and the minimum
distance?

No!

* Imagine you drew a box with its
bottom at point’s y-coordinate.

* See Claim #1.

* Claim #2: only 8 points can be in the
box.

24

Claim #1: if two points are the
closest pair that cross the cut, then
you can surround them in a box
that’s 2 - 6 wide by § tall.




Spanning the Cut

Combine: @ ® | -
2. Closest Pair Spanned our “Cut” (
Consider points in runway in ® @
increasing y-order. ' | Only
check
_ . ® next 7
For a given point p, we can prove the @
8t point and beyond is more than §
from p.
(pp. 1041-2 in CLRS) D259 | -
LeftPoints RightPoints

So for each point in runway, check
next 7 points in y-order.
0(n)

25



Closest Pair of Points: Divide and Conquer

Initialization: Sort points by x-coordinate @

Divide: Partition points into two lists of points
based on x-coordinate (split at the median x)

Conquer: Recursively compute the closest pair @
of points in each list @
Base case?

Combine:

* Construct list of points in the runway
(x-coordinate within distance 6 of median)

* Sort runway points by y-coordinate

 Compare each point in runway to 7 or 15 @
points above it and save the closest pair

* OQutput closest pair among left, right, and
runway points LeftPoints RightPoints




Closest Pair of Points: Divide and Conquer

Initialization: Sort points by x-coordinate @

Divide: Partition points into two lists of points
based on x-coordinate (split at the median x)

. N ®

But sorting is an O(nlogn)
algorithm — combine step is still ®

too expensive! We need 0(n)

(U

e Construct list of points i ay
(x-coordinate within dista of median)
e Sort runway points by y-coordinate
 Compare each point in runway to 7 or 15 @
points above it and save the closest pair
* OQutput closest pair among left, right, and
runway points LeftPoints RightPoints




Closest Pair of Points: Divide and Conquer

Initialization: Sort points by x-coordinate

Divide: Partition points into two lists of points
based on x-coordinate (split at the median x)

Conquer: Recursively compute the closest pair
of points in each list

Base case?

Combine:

Construct list of points in the runway

(x-coordinate within distance 6 of median)

Sort runway points by y-coordinate — =o.ss—)
Compare each point in runway to 7 or 15

points above it and save the closest pair

Output closest pair among left, right, and

runway points

Solution: Maintain additional

information in the recursion

* Minimum distance among pairs of
points in the list

* List of points sorted according to
y-coordinate

Sorting runway points by
y-coordinate now becomes a merge



Listing Points in the Runway

Output on Left: @ 6
Closest Pair: (1,5), 6y 5

Sorted Points: [3,7,5,1]
Output on Right: @

Closest Pair: (4,6), 046

Sorted Points: [8,6,4,2]

Merged Points: [8,3,7,6,4,5,1,2]
Runway Points: [8,7,6,5,2]

Both of these lists can be computed (8)
by a single pass over the lists LeftPoints RightPoints




Closest Pair of Points: Divide and Conquer

Initialization: Sort points by x-coordinate Initialization: Sort points by x-coordinate
Divide: Partition points into two lists of points Divide: Partition points into two lists of points
based on x-coordinate (split at the median x) based on x-coordinate (split at the median x)
Conquer: Recursively compute the closest pair Conquer: Recursively compute the closest pair
of points in each list of points in each list
Base case? ‘
Combine: Combine:
* Construct list of points in the runway * Merge sorted list of points by y-coordinate
(x-coordinate within distance § of median) and construct list of points in the runway
* Sort runway points by y-coordinate (sorted by y-coordinate)
 Compare each point in runway to 7 or 15  Compare each point in runway to 7 or 15
points above it and save the closest pair points above it and save the closest pair
* OQutput closest pair among left, right, and e Qutput closest pair among left, right, and

runway points runway points



Closest Pair of Points: Divide and Conquer

What is the running time?

O(nlogn)

T(n) <

T(n) =2T(n/2) + O(n)

Case 2 of Master’s Theorem

@(n log n) Initialization: Sort points by x-coordinate

C0(1)

2T (n/2)

O(n)
O(n)

T(n) = 0(nlogn)

K@(1)

Divide: Partition points into two lists of points
based on x-coordinate (split at the median x)

Conquer: Recursively compute the closest pair
of points in each list

Combine:
Merge sorted list of points by y-coordinate
and construct list of points in the runway
(sorted by y-coordinate)

 Compare each point in runway to 7 or 15
points above it and save the closest pair

e Qutput closest pair among left, right, and
runway points



Matrix Multiplication



Matrix Multiplication

n
1 2 3] [2] |4] |6
n

4 5 6|X|8| 10| [12
7 8 91 114 16| (13

2+16+42 4+20+48 6+ 24+ 54

60 72 384
132 162 192
204 252 300

Run time? 0(n?) .




Matrix Multiplication D&C

Multiply nXn matrices (A and B)
Divide:

a3 A14) Q15 QA6 (b3 b1a]| bis  bield

37



Matrix Multiplication D&C

Multiply nXn matrices (A and B)

Aqq A1,2
A= S 7 i B
\ Ay A\ Az,z )
Combine:
AB=[

n

Runtime? T(n)=8T (2

.

.

)+

+(

2

)

Ay1B11 +A12By,1 Ay1Bi, + A1,232,2]
Ay, 1By1 +A432B,1 Ay1B1,+A,,B5,

Cost of
additions

38



Matrix Multiplication D&C

T(n) = 8T (E) + 4 (2)2

2 2
T(n) = 8T (g) + 0(n?)

a=8,b=2f(n) =n?
Case 1!
nlogpa — plog; 8 — 43

T(n) = 0(n?)
We can do better...



Matrix Multiplication D&C

Multiply nXn matrices (A and B)

Ay1B11 +A12By,1 Ay1Bi, + A1,232,2]
Ay, 1By1 +A432B,1 Ay1B1,+A,,B5,

ldea: Use a Karatsuba-like technique on this

40



Calculate:

Q1 = (A1 + A22)(By1 + Byo)
Q2 = (A1 + Az2)B11
Q3 = A11(B12 — Bz2)
Qs = Az2(B21 — B11)
Qs = (A11 + A12)B2,
Q6 = (Az1 — A11)(B11 + B12)
Q7 = (A1 — Az2)(Ba1 + Bay)

Find AB:
[Q1+Q4—Q5+Q7
Q2 + 04

Ay11B11 +A12B54
Ay1B11+Ay2B54

(3 + 05 ]
01— Q2+ 03+ Q6

Ay 1By, + A1,2Bz,2]
Ay 1B, + 43728,
Number Mults.: 7 Number Adds.: 18

T(n) = 7T (g) + gnz i



Strassen’s Algorithm

T(n) = 7T(Z) | an

9
a=7b=2f(n) =§n2

nlogb a — nlogz 7 ~ n2-807

Case 1!

T(Tl) — @(nlogz 7) ~ @(le'807)



Strassen’s Algorithm
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s this the fastest?

3.0 ;
naive

29 ¢ Best possible

: . is unknown

trassen
) P

28 - =

- * Bini et al.

- May not even
2.7 .

- exist!
2.6 [

i Schonhage
2.5 i Coppersmith, Winograd Strassen
2.4 I Coppersmith, Winograd Stothers

Williams
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: : Year
1950 1960 1970 1980 1990 2000 2010



